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NEW PERSPECTIVES ON ELECTRON CORRELATIONS 
Anthony F. Starace 
Behlen Laboratory of Physics 
The University of Nebraska 
Lincoln, Nebraska 68588-0111 
U.S.A. 
Two formulations for describing electronic excitations developed 
by Fano and his school are reviewed. The transition matrix 
has provided new perspectives on the classification of two- 
electron excitation channels and on the evolution of highly 
excited electronic states. 
I. INTRODUCTION 
Ugo Fano and his school have made many contributions to atomic theory. A common 
feature of these many contributions is that they are "appropriate" formulations 
for particular physical problems. That is, they are formulations in which the key 
features of experimental observations stand out in an obvious way. Not surpri- 
singly, given such an appropriate formulation, one is often provided with new per- 
spectives. We shall concern ourselves here with some of the new perspectives that 
have been provided on electron correlations. 
Specifically, we shall review in this paper two such appropriate formulations of 
Ugo Fano and his school which have in common that they treat effects of two elec- 
tron excitations in particularly convenient ways. The first, the atomic transition 
matrix formulation for one-electron transition processes - in particular, for the 
single electron photoionization process - is designed to treat the effects of 
v i r tua l  pairs of excited electrons in addition to the usual final state interac- 
tions treated, for example, in a Hartree-Fock or close-coupling formulation. The 
atomic transition matrix formulation has provided new perspectives on the photoion- 
ization process and on the Random Phase Approximation (RPA) for describing this 
process. In particular, it has provided a new relation between the RPA and the 
more usual configuration interaction theory; and it has provided a more general 
definition of the RPA which permits one to treat open-shell atom photoionization 
processes in the same way as closed-shell atom photoionization processes. 
The second appropriate formulation to be discussed here is the hyperspherical coor- 
dinate approach for describing the joint motion of two electrons and in particular 
real two electron excitation processes. This approach has shown that the radial 
and angular coordinates, in the six dimensional space appropriate for two electron 
systems, are approximately separable. This separability has in turn led to a new 
classification scheme for Rydberg series of two electron excitations. Most impor- 
tantly, analysis of the breakdown of this approximate separability provides a new 
perspective on the evolution of two-electron excitations. 
I I. ATOMIC TRANSITION MATRIX FORMULATION 
Theoretical understanding of closed-shell atom photoionization cross sections1 has 
been based on the Random Phase Approximation (RPA),2-4 which implies that, in addi- 
tion to the usual final state interactions, virtual excitations of pairs of valence 
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e l e c t r o n s  have an impor tan t  i n f l u e n c e  on these c ross  sec t ions .  The importance o f  
t h e  e l e c t r o n  c o r r e l a t i o n s  i n c l u d e d  i n  t h e  RPA have been con f i rmed f o r  c l o s e d - s h e l l  
atoms b y  o t h e r  t h e o r e t i c a l  methods, e s p e c i a l l y  t h e  Many-Body P e r t u r b a t i o n  Theory5 
and t h e  R-Matr ix  T h e ~ r y . ~  On t h e  whole, RPA c a l c u l a t i o n s  - o r  t h e i r  e q u i v a l e n t  - 
agree w i t h  most exper imenta l  p h o t o i o n i z a t i o n  c ross  s e c t i o n s  f o r  c l o s e d - s h e l l  atoms 
t o  w i t h i n  about 10%. 
The f o r m a l  d e f i n i t i o n  o f  t h e  RPA i s  t h a t ,  w i t h i n  a  Hart ree-Fock (HF) bas is ,  one i n -  
c ludes  a l l  p a r t i c l e - h o l e  i n t e r a c t i o n s  t o  i n f i n i t e  o rder .2  I n  p a r t i c u l a r ,  one must 
seemingly i n c l u d e  an i n f i n i t e  number o f  v i r t u a l l y  e x c i t e d  e l e c t r o n  p a i r  e x c i t a t i o n s  
and d e - e x c i t a t i o n s .  Given t h a t  t h e  RPA works b e a u t i f u l l y  i n  d e s c r i b i n g  atomic 
p h o t o i o n i z a t i o n ,  t h e  o n l y  a d d i t i o n a l  w ish  t h a t  atomic p h y s i c i s t s  m igh t  have i s  f o r  
a  c l o s e r  r e l a t i o n  between t h e  RPA and t h e  more f a m i l i a r  c o n f i g u r a t i o n  i n t e r a c t i o n  
p i c t u r e .  
A. Closed-Shel l  Atom Treatment: R e l a t i o n  o f  t h e  RPA t o  C o n f i g u r a t i o n  I n t e r a c t i o n  
With t h i s  i n  mind, Chang and ~ a n o ~  developed t h e  t r a n s i t i o n  m a t r i x  f o r m u l a t i o n  f o r  
c l o s e d - s h e l l  atom p h o t o i o n i z a t i o n  processes. I n i t i a l  a p p l i c a t i o n  was made t o  
p h o t o i o n i z a t i o n  o f  t h e  o u t e r  s u b s h e l l  o f  argon, i .e . ,  
~ r 3 p ~ ( l S )  + y -t A ~ + ~ ~ ~ ( ~ P ) C R ( ' P )  , (1 
where d i p o l e  s e l e c t i o n  r u l e s  l i m i t  R  t o  t h e  values 0  and 2. We s h a l l  use t h e  
process ( 1 )  t o  i l l u s t r a t e  t h e  theory .  Chang and Fano7 choose t h e  f o l l o w i n g  
c o n f i o u r a t i o n s  f o r  t h e  i n i t i a l  and f i n a l  s t a t e s :  
Thus t h e  f i n a l  s t a t e  c o n s i s t s  o f  a  HF c o r e  o f  e l e c t r o n s  p l u s  an e x c i t e d  e l e c t r o n ,  
w i t h  angu la r  momentum 2  and k i n e t i c  energy E, desc r ibed  by t h e  unknown wave- 
f u n c t i o n  i E d ( r ) .  (Note t h a t  we i g n o r e  t h e  s-channel i n  t h i s  d i s c u s s i o n  f o r  
s i m p l i c i t y ;  i n  any case, i t  i s  much weaker than  t h e  d-channel.) The i n i t i a l  s t a t e  
c o n s i s t s  o f  a  HF ground s t a t e  / 3 p 6 ( 1 ~ )  > p l u s  a  c o r r e l a t i o n  te rm hav ing  two e l e c -  
t r o n s  e x c i t e d  o u t  o f  t h e  HF ground s t a t e .  These two e l e c t r o n s  a r e  descr ibed  by t h e  
unknown wavefunct ions @,(r) and o b ( r ) ,  which we s h a l l  presume have o r b i t a l  angu la r  
momentum 2. 
The d i p o l e  m a t r i x  element between t h e  i n i t i a l  and f i n a l  s t a t e s  i n  Ea. ( 2 )  i s :  
, . .  
< f r ( ' ) l  i> = 2 ( < $ C d l r 3 p >  - < 3 p ( r m >  ) .  ( 3 )  
Here t h e  m a t r i x  elements on t h e  r i g h t  r e p r e s e n t  r a d i a l  i n t e g r a l s  over  r, t h e  f a c t o r  
2  i s  an o v e r a l l  angu la r  f a c t o r ,  and t h e  f u n c t i o n  @ ( r )  i s  d e f i n e d  as t h e  f o l l o w i n g  
l i n e a r  comb ina t ion  o f  t h e  unknown c o r r e l a t i o n  f u n c t i o n s  O a ( r )  and O b ( r ) :  
I n  Eq. ( 4 ) ,  C  r e p r e s e n t s  an angu la r  f a c t o r  and t h e  b racke ts  r e p r e s e n t  o v e r l a p  
i n t e g r a l s  o f  Oa and Ob w i t h  iLd. It i s  because o f  these  o v e r l a p s  t h a t  O a  and Ob 
a r e  assumed t o  have o r b i t a l  angu la r  momentum 2 .  C l e a r l y ,  s i n c e  t h e  d i p o l e  
o p e r a t o r  i s  a  one e l e c t r o n  opera to r ,  t h e  d i p o l e  t r a n s i t i o n  m a t r i x  element between 
t h e  c o r r e l a t i o n  term i n  Eq. (2b)  and t h e  f i n a l  s t a t e  i n  Eq. (2a)  i s  non-zero o n l y  
if one of t h e  v i r t u a l l y  e x c i t e d  e l e c t r o n s ,  represen ted  b y  t h e  c o r r e l a t i o n  f u n c t i o n  
has a  non-zero o v e r l a p  w i t h  t h e  e x c i t e d  e l e c t r o n  f u n c t i o n  iCd. The o t h e r  
v i r t u a i l y  e x c i t e d  e l e c t r o n ,  represen ted  by Qb o r  Qa, i s  de -exc i ted  by t h e  d i p o l e  
i n t e r a c t i o n  t o  t h e  3p-subshe l l .  
To comple te ly  determine t h e  d i p o l e  m a t r i x  element between t h e  i n i t i a l  and f i n a l  
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states in Eq. (2) for a particular photon energy, then, one only needs to determine 
the unknown final state wavefunction $~,~(r) and the particular linear combination 
of the correlation functions Oa(r) and Oh(') represented by @(r) in Eq. (4). To 
determine (bEd(r) and @(r), Chang and ~ a n o ~  start from the equation of motion of 
the outer product If ><i 1, 
where H is the exact Hamiltonian for the atom a n d 6  is the photon energy. 
Eq. (5) is integrated analytically over N-1 radial coordinates to obtain a set of 
coupled differential equations in the Nth coordinate r for the unknown functions 
QEd(r), Oa(r), and Ob(r). Upon performing these integrations, the first term on 
the left in Eq. (5) gives final state interactions, the second term on the left 
gives initial state interactions, and the right hand side gives the first order 
transition matrix,7y8 from which the method gets its name. Chang and Fano then 
approximate the resulting equations by dropping all terms involving Oa and Ob 
which cannot be cast in terms of the linear combination @(r) in Eq. (4). Further 
approximations are made, by dropping all but a few interactions involving @(r), to 
obtain a coupled set of differential equations for QEd(r) and @(r) which can 
be shown7 to be equivalent to the RPA. 
The results of the transition matrix formulation for the photoionization of argon9 
are compared with experimentlo in Fig. 1. Curves I show the length and velocity 
results obtained in the HF approximation which results from setting all interac- 
tions involving @(r) equal to zero when calculating the final state wavefunction 
iEd(r) in the transition matrix formulation. Curves I1 show the results obtained 
from solving the equations for QEd and @(r) in an uncoupled approximation. Finally, 
curves I11 show the results obtained by solving the coupled equations for $ ~ ~ ~ ( r )  
and @(r). These latter results are in very good agreement with experimentlo and 
are equivalent to results obtained in the RPA.2 The difference between the transi- 
tion matrix formulation and the RPA lies, however, in the closer relation of the 
former to a configuration interaction approach (cf. Eq. (2)). Indeed, the con- 
figuration interaction picture of Chang and Fano7 has been confirmed directly by 
the multiconfiguration Hartree-Fock approach to photoionization of Swanson and 
Armstrong. l 
5 0 Fig. 1. Theoretical calculations of Changg for the photoionization 
- cross section of the 3p subshell 2 4 0  
- 
of Ar. Dashed and solid lines 
give length and velocity results, 
5 30 respectively, in three levels of + approximation discussed in the 
0 
% 20 text. Experimentally measured values of the Ar cross section 
VJ are indicated by the solid 
g 10 circles1° and by the solid squares 
o (Samson, unpublished) (from 
0 Ref. 9). 
0 5 10 15 20 25 30 
PHOTOELECTRON ENERGY (eV) 
B. Open-Shell Atom Generalization: New Definition of the RPA 
Theoretical understanding of the influence of electron correlations on the photo- 
ionization cross sections for open-shell atoms is less developed than for closed- 
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shell atoms. This is due to the greater theoretical difficulty of dealing with 
atoms which are not spherically symmetric and which thus have a greater number of 
final state channels. In addition, theoretical approximation methods developed 
specifically for closed-shell atoms, such as the RPA, are not easily generalized 
to treat open-shell atoms. In particular, while several open-shell atom RPA 
theories have been d e v e l ~ ~ e d , ' ~ - ~ ~  these have been given in the form of matrix or 
integral equations which require the use of large numbers of basis functions for 
their solution; furthermore, these RPA theories differ from one another. 
Recently, Starace and Shahabi l7 generalized the transition matrix formulation to 
treat open- or closed-shell atoms. In order to do so, they developed a graphical 
procedure for evaluating the integrations over N-1 coordinates in each term of the 
equation of motion, Eq. (5). The graphical method simplifies the treatment of 
antisymmetry and of angular momentum algebra and at the same time affords an 
insight into the physical processes involved similar to that afforded by many- 
body perturbation theory graphs. The graphical method is based on the graphical 
angular momentum algebra of Jucys et a1.18 and on the state vector graphs of 
Briggs.19 
Starace and shahabi17 start by defining the initial < i  1 and final /fa> states 
in an open-shell atom photoionization process analogously to Chang and ~ a n o ' s ~  
states for closed-shell atoms, i.e., 
Thus, the initial state is represented not only by the HF state of q electrons in 
the noRosubshell but also by correlation terms having two electrons excited out 
of the noto subshell. 
Using Eq. (6) for the form of the initial and final states, the graphical method 
permits the exact evaluation of all matrix elements in the equation of motion, 
Eq. (5) ,  integrated over N-1 radial coordinates. Of these matrix elements, those 
involvinq the correlated part of the initial state are very complex. Starace and 
Shahabi found. however, that if all interactions of the correlation functions 
P and Eb with the ionic core, no%q-2, are approximated by requiring ma and Ob 
to exchange zero orbital and spin angular mometum with the ionic core, then each 
interaction may be described in terms of linear combinations 0 of Oa and mb, as 
in the closed-shell atom case. Furthermore when the weight factors for these 
particular interactions are calculated as if the ionic core contained a full 
subshell of electrons, instead of only q-2 electrons, then in the closed-shell 
atom case the resulting coupled differential equations are identical to those 
obtained algebraically by Chang and Fano, which are equivalent7 to the RPA 
equations. 
The approximation that the virtually excited electrons ma and Ob exchange zero 
angular momentum with the ionic core provides then a set of equations equivalent 
to the RPA equations in the closed-shell atom case. It thus provides also a new 
definition of the RPA. Since this new definition is independent of whether the 
atom is initially open or closed, it therefore provides a new RPA-equivalent set 
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of equations for open-shell atoms as well as a new understanding of the RPA. 
In sumnary form, then, the key RPA-type approximations of the generalized transi- 
tion matrix formulation for atomic photoionization are as follows: 
(a) The ground state < i /  should include configurations of the form 
< nokoq-2@aQb 1 ,  in which two electrons are excited. 
(b) When @a or Q,, interact with the core nnknq-2, one only includes the part 
- - 
of the-interaction in which there is zero exchange of orbital and spin 
angular momenta. 
(c) The approximate interactions in (b) are calculated with a weight factor 
appropriate for a filled no.Qosubshell. 
These approximations give exactly the Chang-Fano equations7 for closed-shell atoms 
and they give the close-coup1 ing equations20 when the correlation functions @a and 
Ob are set equal to zero. The close connection to configuration interaction and 
the clear specification of the kinds of interactions included give a very good 
understanding of the RPA and its physical content. 
111. HYPERSPHERICAL COORDINATE APPROACH 
While the use of hyperspherical coordinates to describe two-electron correlations 
is quite old,21-28 it is only relatively recently that ~ a c e k ~ ~  introduced a 
quasi-separable approximation in such coordinates which provided quantitatively 
accurate predictions of doubly-excited-state energies in He as well as a good 
description of two-electron dynamics. The initial success of the quasi-separable 
approximation stimulated Fano and his school to further develop the theory and 
to carry out numerous applications to doubly excited s t a t e ~ ~ O - ~ ~  of He and H- as 
well 3s to continuum p r o c e s s e ~ ~ ~ - ~ ~  for He and for the e-H system. Most recently 
the hyperspherical coordinate approach has been extended successfully to treat 
atoms with more than two e l e c t r ~ n s . ~ ~ - ~ ~ h i l e  the quasi-separable approximation 
is only the zero order approximation to a general theory of atomic  collision^,^^ 
it has provided new perspectives which we review here on electron correlations 
and on the electron excitation process. 
A two electron wavefunction is usually described by the six coordinates 
A A 
rl, r2, rl, and r2 of the two electrons. In hyperspherical coordinates the 
magnitudes of the individual coordinates, rl and r2, are replaced by the hyper- 
spherical radius R : (r12 + rZ2)% and the hyperspherical angle n : arctan(r2/rl). 
- - 
Before summarizing the features of the Schrodinger equation in these coordinates 
let us look first at plots of approximate two-electron probabilities, 
l$(R,a,?1,?2) 12, in these coordinates. Fig. 2 shows contour plots31332 and 
Fig. 3 shows relief maps36 for the probability distributions of the singly- 
1 
excited state 152s S and the doubly-excited state 2s2 of He. (Note that 
the wavefunctions are calculated in the approximation that each electron has an 
orbital angular momentum equal to zero in order to eliminate all dependence on the 
angular variables and p2; since the angular dependence is trivial, these 
- 
states are symmetric about a = n/4, i .e., under interchange of rl and r2.) 
The most obvious distinguishing features of the two probability distributions is 
that that for the single excited state is largest along n - 0 and a = n/2 (imply- 
ing one electron is much further from the nucleus than the other) while that 
for the doubly excited'state is largest along a = n/4 (implying both electrons 
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a r e  comparably e x c i t e d ,  i . e . ,  a = n/4 when rl = r 2 )  A second i m p o r t a n t  f e a t u r e  
i s  t h e  behav io r  o f  t h e  nodal  l i n e s  f o r  t h e  two p r o b a b i l i t y  d i s t r i b u t i o n s .  The 
1  l s 2 s  S  s t a t e  has a  s i n g l e  nodal  l i n e  a long  R  = 2, w h i l e  t h e  2s' ' S  s t a t e  has two 
nodal l i n e s  a long  a = c o n s t a n t :  one a long  5" < a 5 30" and t h e  o t h e r  a l o n g  
60" 5 a 5 85". The f a c t  t h a t  t h e  p a t t e r n  o f  nodal  l i n e s  i s  a p p r o x i m a t e l y  a long  
t h e  o r thonorma l  g r i d  o f  c o n s t a n t  R  and c o n s t a n t  a i m p l i e s  a  q u a s i - s e p a r a b i l i t y  
o f  R  and a coord ina tes .  
The nodal l i n e  p a t t e r n  f o r  a  p a r t i c u l a r  s t a t e  se rves  a l s o  t o  c l a s s i f y  t h e  
s t a t e . 3 6  The ground s t a t e  o f  He, l s 2  IS, has a  s p h e r i c a l l y  symmetric p r o b a b i l i t y  
d i s t r i b u t i o n  and i s  t h e  f i r s t  member o f  t h e  s i n g l y - e x c i t e d  s t a t e  channel  l s n s  ' S  
which converges t o  t h e  ~ e + ( n = l )  t h r e s h o l d .  The s i n g l e  node i n  R  f o r  t h e  s t a t e  
1  l s 2 s  S, shown i n  F igs .  2 (a )  and 3 ( a ) ,  c h a r a c t e r i z e s  i t  as t h e  second member o f  
1  t h e  l s n s  S channel .  The s t a t e  2s' IS, shown i n  F i g s .  2 ( b )  and 3 ( b ) ,  has no 
r a d i a l  nodes. I t i s  t h e  f i r s t  member o f  t h e  Rydberg s e r i e s  2sns ' S  converg ing  t o  
F i q .  2. Contour  p l o t  o f  t h e  T i c ? .  3. R e l i e f  map o f  t h e  approx imate 
approx imate p r o b a b i l i t y  d i s t r i b u -  p r o b a b i l i t y  d i s t r i b u t i o n  ,;2) l 2  
t i o n  P(;l,;2)12 f o r  He. ( a )  l s 2 s  ' S  
- .  f o r  He. ( a )  l s 2 s  ' S  ( b )  2s' ' S  
( b )  2sL I S .  S o l i d  L ines :  l i n e s  o f  (From Ref .  36) 
c o n s t a n t  p r o b a b i l i t y .  Dot-Dash 
L ines :  nodal l i n e s .  (From Ref .  32) 
-
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t h e  He+(n=2) th resho ld .  The two nodes approx imate ly  a long  cons tan t  a, symmetri- * .  
c a l  about a = n / 4 ,  c h a r a c t e r i z e  2sL 'S as a  member o f  t h i s  second Rydberg channel. 
Thus nodes i n  R c h a r a c t e r i z e  t h e  e x c i t a t i o n  o f  a s t a t e  w i t h i n  a  channel w h i l e  
nodes i n  a  c h a r a c t e r i z e  t h e  v a r i o u s  channels.36 
These f e a t u r e s  o f  t h e  t w o - e l e c t r o n  wavefunct ion $(?1,?2), i n  t h e  h y p e r s p h e r i c a l  
coord ina tes  R  and a, m o t i v a t e  t h e  h y p e r s p h e r i c a l  method o f  ~ a c e k , ~ ~  who expands 
I ) (F '~,F~~) i n  terms o f  a  complete s e t  o f  a d i a b a t i c  ang le  f u n c t i o n s  @ (R;a,rl,r2): 
lJ 
The ang le  f u n c t i o n s  @,,(~;a,t~,r~) a re  dependent on t h e  f i v e  angles a, Pl, and 
f2 and a r e  o n l y  p a r a m e t r i c a l l y  dependent on R. They a r e  t h e  e i g e n s t a t e s  o f  t h e  
f o l l o w i n g  d i f f e r e n t i a l  equat ion,  
and t h e  p o t e n t i a l s  UU(R) a re  t h e  co r respond ing  e igenvalues a t  each va lue  o f  R. 
I n  Eq. (8) ,  t h e  p o t e n t i a l  -C(a,€j2) i s  p r o p o r t i o n a l  t o  t h e  sum o f  t h e  nuc lear  
and e l e c t r o s t a t i c  p o t e n t i a l s ,  
S u b s t i t u t i n g  Eq. ( 7 )  i n t o  t h e  t w o - e l e c t r o n  ~ c h r b d i n ~ e r  equa t ion  and u s i n g  t h e  
p r o p e r t i e s  o f  t h e  ang le  f u n c t i o n s  @,, i n  Eq. ( 8 ) ,  one o b t a i n s  t h e  f o l l o w i n g  s e t  o f  
coup led  d i f f e r e n t i a l  equat ions f o r  t h e  r a d i a l  f u n c t i o n s  FIJE(R): 
where 
The b racke ts  i n  Eq. (11) i m p l y  i n t e g r a t i o n  over  angu la r  v a r i a b l e s  o n l y .  
Each o f  t h e  p o t e n t i a l s  U>,(R) and i t s  co r respond ing  angular  e i g e n f u n c t i o n  $,, r 
d e f i n e  t h e  s e t  o f  hyperspher i ca l ,  t w o - e l e c t r o n  channels p. These channels a r e  
coupled through t h e  r a d i a l  d e r i v a t i v e  m a t r i x  elements W. . , i n  Eq. (11) .  I n  
P 7 P 
t h e  separab le  - o r  a d i a b a t i c  - approximat ion2g one assumes t h a t  mot ion  i n  u 
and mot ion  i n  R a r e  weakly coupled so t h a t  t h e  d e r i v a t i v e s  o f  @ ,  i n  Eq. (11)  a r e  
sma l l  enough t h a t  one may i g n o r e  t h e  c o u p l i n g  terms W,,.,,,. I n  i h i s  case, t h e  
two e l e c t r o n  wave func t ion  may be represen ted  by a  s i n b i e  term i n  t h e  summation 
i n  Eq. ( 7 ) :  
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N o t i c e  i n  Eq. (12) how a l l  members o f  t h e  channel l~ have t h e  same angu la r  func -  
t i o n  @ . Each s t a t e  o f  e x c i t a t i o n  energy E  w i t h i n  t h e  channel l~ i s  descr ibed  b y  
L' 
t h e  r a d i a l  f u n c t i o n  FuE, which i s  c a l c u l a t e d  i n  t h e  channel p o t e n t i a l  UIJ(R) 
u s i n g  Eq. (10)  and i g n o r i n g  t h e  c o u p l i n g  terms. Because each member o f  a  Rydberg 
s e r i e s  o f  doub ly  e x c i t e d  s t a t e s  has t h e  same angular  f u n c t i o n  @ and has a  r a d i a l  
lJ 
f u n c t i o n  FUE(R) t h a t  i s  c a l c u l a t e d  i n  t h e  same p o t e n t i a l  U,(R), t h e  p h y s i c a l  
p r o p e r t i e s '  o f  s t a t e s  be long ing  t o  a  p a r t i c u l a r  channel  l~ a r e  o f t e n  immed ia te ly  
apparent  upon examinat ion o f  UU(R) and @,,. I n  what f o l l o w s  we i l l u s t r a t e  t h e  
use o f  t h e  p o t e n t i a l s  U (R) to' c l a s s i f y  t w o - e l e c t r o n  e x c i t a t i o n  channels. We then  
1J 
examine t h e  numer ica l  accuracy o f  t h e  separab le  approximat ion.  Next, we show how 
t h e  v a r i a t i o n  of t h e  ang le  f u n c t i o n s  @ w i t h  R  p r o v i d e s  a  new p e r s p e c t i v e  on t h e  
li 
e v o l u t i o n  o f  e x c i t a t i o n  processes. L a s t l y ,  we ske tch  v e r y  r e c e n t  ex tens ions  o f  
t h e  h y p e r s p h e r i c a l  c o o r d i n a t e  approach t o  atoms hav ing  more than  two e l e c t r o n s .  
A. Hyperspher i ca l  C l a s s i f i c a t i o n  o f  Two-Electron E x c i t a t i o n  Channels 
The f i r s t  ma jo r  success29 o f  t h e  separab le  approx imat ion  i n  h y p e r s p h e r i c a l  co- 
o r d i n a t e s  was t h e  c l a s s i f i c a t i o n  ,and i n t e r p r e t a t i o n  o f  t h e  pho toabsorp t ion  
spec t rumofHe i n  t h e  r e g i o n  o f  t h e  doub ly  e x c i t e d  Rydberg s t a t e s  converg ing  t o  
t h e  n  = 2 th resho ld .  I n  t h e  usua l  c l a s s i f i c a t i o n  scheme t h e r e  shou ld  be t h r e e  
1 1 Rydberg s e r i e s  o f  such l e v e l s  o f  comparable i n t e n s i t y :  2snp P, 2pnd P, and 
2pns 'P. The e x p e r i m e r ~ t a l  spectrum o f  Madden and C ~ d l i n g , ' + ~  shown i n  F ig .  4, 
showed o n l y  one s t r o n g  Rydberg s e r i e s  and one v e r y  weak Rydberg s e r i e s .  The 
t h i r d  p o s s i b l e  s e r i e s  was n o t  observed. Cooper, Fano, and Pra ts4 '  i n t e r p r e t e d  
t h e  r e l a t i v e  i n t e n s i t i e s  o f  t h e  
two observed s e r i e s  i n  terms o f  
RESONANCES DUE TO sp2ne STATES IN HELIUM t h e  s o - c a l l e d  "+" and "-"  s e r i e s ,  
1 ~ 0 8  2108 ( 2 s n p k 2 p n s )  1  P. The "+" s e r i e s  mem- 
bers  ar: fo re  i n t e n s e  than  those 
o f  t h e  - s e r i e s  because t h e  
cor respond ing  wavefunct ions o f  t h e  
F------- "+" members have a  much l a r g e r  amp l i tude  near  t h e  o r i g i n ,  a l l o w -  
i n g  t h e r e f o r e  a  much l a r g e r  o v e r l a p  
w i t h  t h e  ground s t a t e .  T h i s  
scheme, however, does n o t  e x p l a i n  
1  t h e  weakness o f  t h e  2pnd P chan- 
, z 4 +  ,?3+ , iL[ n e l .  F i g .  5, however, shows 
24 123 Macek's h y p e r s p h e r i c a l  p o t e n t i a l s  U,,(R) f o r  t h e  t h r e e  channels l~ 
F ig .  4. Photoabsorp I o n  spectrum of,,He converg ing  t o  t h e  n=2 s t a t e  o f  
between 190 and 210 k: The "+" and - I 1  ~ e + .  One sees immed ia te ly  t h a t  
s e r i e s  members a r e  i n d i c a t e d  below t h e  t h e  t h r e e  channels have v a s t l y  
spectrum. (From Ref. 46) d i f f e r e n t  c e n t r i f u g a l  b a r r i e r s  
near  t h e  o r i g i n ,  e x p l a i n i n g  t h e  
l a r g e  i n t e n s i t y  d i f f e r e n c e s  o f  t h e  t h r e e  a l l o w e d  channels.  Fur thermore,  t h e  f i r s t  
two hyperspher i ca l  channels have t h e  "+" and " - "  c h a r a c t e r i s t i c s  p r e d i c t e d  by 
Cooper e t  a1 .'+' 
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F i g .  5. Hyperspher i ca l  p o t e n t i a l  cu rves  
U  /R' 5 R  f o r  t h e  t h r e e  He doub ly  e x c i t e d  
iJ 
' P  channels  converg ing  t o  t h e  n=2 s t a t e  of 
~ e + .  (From Ref. 29) .  
S i m i l a r  work has been c a r r i e d  o u t  f o r  
t h e  doub ly  e x c i t e d  s t a t e s  o f  H  by 
L i n 3 3  and by Greene.35 F i g .  6 shows 
L i n ' ~ ~ ~  h y p e r s p h e r i c a l  p o t e n t i a l s  
f o r  t h e  t h r e e  doub ly  e x c i t e d  Rydberg 
s e r i e s  converg ing  t o  t h e  n=2 s t a t e  
o f  H. The "+" channel  i s  r e p u l s i v e  
a t  l a r g e  R  and i s  n o t  deep enough t o  
suppor t  any bound s t a t e s  a t  sma l l  R. 
The r e p u l s i v e  b a r r i e r  can, however, 
produce shape resonances i n  t h i s  
channel above t h r e s h o l d .  The " - "  
p o t e n t i a l  i s  a t t r a c t i v e  a t  l a r g e  R  
and can suppor t  an i n f i n i t y  o f  Fesh- 
bach resonances. The "pd" channel  
i s  r e p u l s i v e  a t  a l l  R  va lues .  F i g .  7 
shows Greene's  h y p e r s p h e r i c a l  po ten -  
t i a l s  f o r  doub ly  e x c i t e d  channels  
converg ing  t o  t h e  n=3 s t a t e  o f  H. 
I n  t h i s  case t h e  "+" p o t e n t i a l  i s  
a lways a t t r a c t i v e  and s i n c e  i t s  cen- 
t r i f u g a l  b a r r i e r  i s  weaker than  
those  o f  t h e  o t h e r  channels ,  t h e  "+" 
s e r i e s  i s  t h e  most  s t r o n g l y  e x c i t e d  
f rom t h e  ground s t a t e .  Greene used 
t h i s  h y p e r s p h e r i c a l  channel c a l c u l a -  
t i o n  and quantum d e f e c t  t h e o r y  (QDT) 
t o  i n t e r p r e t  t h e  resonances o b t a i n e d  
by Hamm e t  a1 . 4 8  i n  t h e  photodetach-  
ment spectrum o f  H  near  t h e  n=3 
t h r e s h o l d  as due t o  t h e  " + " . s e r i e s  
resonances. The d a t a  and Greene's  
QDT f i t  a r e  i n  e x c e l l e n t  agreement, 
as shown i n  F i g .  8. 
€3. Numer ica l  R e s u l t s  i n  t h e  
Separable Approx imat ion  
The separab le  a p p r o x i m a t i o n  i n  hyper-  
s p h e r i c a l  c o o r d i n a t e s  t h u s  p r o v i d e s  
a  v e r y  a c c u r a t e  q u a l i t a t i v e  d e s c r i p -  
t i o n  o f  Rydberg s e r i e s  o f  doub ly  
e x c i t e d  s t a t e s  i n  He and H  . Bu t  
20 
R lbohrl 
25 how good a r e  t h e  q u a n t i t a t i v e  p r e -  
d i c t i o n s  i n  t h i s  approx imat ion?  
The answer depends on t h e  e x c i t a t i o n  
F i g .  6. Hyperspher i ca l  - p o t e n t i a l  cu rves  energy above t h e  minimum i n  t h e  
U, R  f o r  t h e  t h r e e  H  doub ly  e x c i t e d  h y p e r s p h e r i c a l  p o t e n t i a l  UU o f  i n -  
b' 
t e r e s t .  Fo r  t h e  l o w e s t  energy mem- 
'P channels  converg ing  t o  t h e  n=2 s t a t e  b e r s  c a l c u l a t e d  i n  t h e  p o t e n t i a l s  
o f  H. (From Ref .  33) U,,(R) , t h e  separab le  approx imat ion  
energ ies  a r e  i n  e x c e l l e n t  agreement w i t h  exper imen t  and w i t h  o t h e r  t h e o r e t i c a l  
r e s u l t s ;  t h e  separab le  approx imat ion  wave func t ion  may a l s o  be used c o n f i d e n t l y .  
However, h i g h e r  energy members o f  a  p a r t i c u l a r  channel  c a l c u l a t e d  i n  t h e  poten-  
t i a l  U,,(R) a r e  i n c r e a s i n g l y  t o o  h i g h  i n  energy,29 i f  bound, o r  have t o o  n e g a t i v e  
tJ 
phase  shift^,^^-^^ i f  unbound. T h i s  i s  n o t  s u r p r i s i n g  s i n c e  f o r  h i g h e r  e x c i t a t i o n  
energ ies  t h e  c o u p l i n g  between t h e  h y p e r s p h e r i c a l  channels  can no l o n g e r  be ignored .  
Thus a t  p r e s e n t  t h e  separab le  approx imat ion  i n  t h e  h y p e r s p h e r i c a l  c o o r d i n a t e  
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F i g .  7. Hyperspher i ca l  p o t e n t i a l  
cu rves  U vs R  f o r  H doub ly  
1-'- I 
e x c i t e d  P channels  converg ing  
t o  t h e  n=3 t h r e s h o l d  o f  H. 
(From Ref .  35) 
F i g .  8. Photodetachment c r o s s  sec- 
t i o n  o f  H- near  t h e  n=3 t h r e s h o l d  of 
H a t  t = 0. Data: Hamm e t  a1 
S o l i d  L i n e :  QDT f i t  o f  Greene.35 
(From Ref .  35) 
approach p r o v i d e s  a  v e r y  good i n i t i a l  approx imat ion  t o  t h e  e x a c t  e l e c t r o n  wave- 
f u n c t i o n ,  b u t  i t s  sys temat i c  improvement f o r  s t a t e s  o f  moderate and h i g h  e x c i t a t i o n  
energy t o  p r o v i d e  s t a t e - o f - t h e - a r t  numer i ca l  p r e d i c t i o n s  has o n l y  j u s t  begun38>41  
and remains a  t a s k  f o r  f u t u r e  research .  
I n  what f o l l o w s ,  we p r o v i d e  a  few examples o f  t h e  h i g h  l e v e l  o f  accuracy  t o  be 
expected f rom t h e  separab le  a p p r o x i m a t i o n . f o r  t h e  lowes t  e x c i t e d  s t a t e s  i n  p a r -  
t i c u l a r  h y p e r s p h e r i c a l  p o t e n t i a l s .  Regard ing l e v e l  energ ies ,  M a ~ e k ~ ~  c a l c u l a t e d  
t h e  He 2 ~ 2 ~ ( l P )  resonance e x c i t a t i o n  energy as 68.138 eV as compared w i t h  t h e  
exper imen ta l  value46 o f  6 0 . 1 3 5 i  .015 eV. S i m i l a r l y ,  M i l l e r  and Starace39 c a l -  
c u l a t e d  t h e  ground s t a t e  energy o f  He as -2.895 a.u. as compared w i t h  t h e  
e s s e n t i a l l y  exac t  n o n - r e l a t i v i s t i c  t h e o r e t i c a l  va lue49  o f  -2.904 a.u. Regard ing  
phase s h i f t s ,  L i n 3 7  c a l c u l a t e d  t h e  e-H 'S phase s h i f t  a t  k  = 0.1 t o  be 
2.513 r a d .  as compared w i t h  t h e  e s s e n t i a l l y  exac t  t h e o r e t i c a l  v a l u e w  o f  
2.553 r a d .  
L a s t l y ,  a  r e c e n t  c a l c u l a t i o n 3 9  o f  t h e  p h o t o i o n i z a t i o n  c ross  s e c t i o n  o f  He u s i n g  
separab le  approx imat ion  h y p e r s p h e r i c a l  c o o r d i n a t e  wave func t ions  demonstrates 
t h e  s t r e n g t h s  and weaknesses o f  t h e  method. The i n i t i a l  and f i n a l  wave func t ions  
f o r  t h e  process 
b o t h  have t h e  fo rm o f  Eq. (12 ) .  Fo r  t h e  i n i t i a l  s t a t e ,  corresponds t o  t h e  
1 lowes t  S  p o t e n t i a l  U ( R ) ,  and f o r  t h e  f i n a l  s t a t e ,  p corresponds t o  t h e  lowes t  
'J 
'P p o t e n t i a l  U,,(R). The p h o t o i o n i z a t i o n  c r o s s  s e c t i o n  o b t a i n e d  u s i n g  t h e  sep- 
a r a b l e  approx imat ion  wave func t ions  i s  shown i n  F i g .  9. 
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Fig. 9. Photoionization cross section for 
He. Full curve: separable approximation 
(single channel) hyperspherical calculation 
of Mi 1 ler and Starace (Ref. 39); Dots: 
Experimental result2 of Samson (Ref. 51); 
Dashed Curve: 1s-2s-2p (four channel) 
close-coup1 ing calculation of Jacobs (Ref. 
52) (From Ref. 39). 
- 8 0  . I . "  ' ' ' 
H ~ ( ' s )  + hv - HE+IS('S) + 0- 
LL 0
Z rn- 
P 
Fig. 9 also shows the revised 
experimental results of 
Samson,il which have error 
bars of !3%.  The results lie 
within these error limits near 
threshold (for kinetic ener- 
gies 0.0 4 f 4 0.4 a.u.) and 
in fact agree with experiment 
to within 1% at threshold. 
The hyperspherical results, 
however, are systematically 
lower than experiment above 
F = 0.4 a.u. Of the many 
other theoretical calculations, 
we show the one with the best 
overall agreement with experi - 
merit:- the four channel 
(1s-2s-2F) close-coupling 
calculation of ~acobs.'' In 
comparison with the close- 
coupling results, the hyper- 
spherical results are in 
better agreement with experi - 
ment below t = 0.2 a.u. and 
are systematically lower above 
i = 0.2 a.u. 
Z 
P 0 10- 
0 '  
1 a
C. Evolution of Two-Electron Excitations 
The hyperspherical coordinate approach has not only been used to study stationary 
states, but also to understand qualitatively how a low-energy two electron state 
concentrated near the origin, upon receiving energy during a collision process, 
evolves to states of high excitation far from the origin. The key idea, 
stressed recently by Fan053 and illustrated graphically by Lin,36 is that such 
states describe motion along a potential ridge centered about the direction 
a = ~ / 4  (i.e., rl = r2). 
Consider Eq. (8) forhthe channel 
functions 6 (R;u,rl ,r2) The poten- 
40 L' 
33 tial -C(a,B12), defined in Eq. (9), 
X )  is shown in Fig. 10 for Z = l .  
10 
0 -C States having one electron more ex- 
-10 
cited than the other, i.e., 
-20 
r2 >> r or rl >> r2, have an angle 
-30 function @ with maximum amplitude 
-40 1-1 in the valleys of the potential in 
I 
Fig. 10, near a = 0 and a = n/2. 
Comparably excited, doubly-excited 
states have rl "-'r2 and thus the 
angle function 6 for these states 
1-1 
2-1 has maximum amplitude on the ridge 
of the potential in Fig. 10, near 
Fig. 10. Relief map of the potential a = n / 4 ,  and preferably near 
-C(n,B12) defined in Eq. (9) for Z = 1. coselp = -1 (i.e., on opposite 
(from Ref. 32). sides of the nucleus). We consider 
0 ' '  ' ' ' ' ' 
0 0 02 03 0.4 05 0 5  0.7 08 09 0 
PHOTOELECTRON ENERGY (o.u.1 
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now t h e  R-dependence o f  t h e  .ang le  f u n c t i o n s  bL,. E q .  (8 )  shows t h a t  t h e  p o t e n t i a l  
-C i s  m u l t i p l i e d  by R. For  l a r g e  enough R, t h e r e f o r e ,  t h e  p o t e n t i a l  -RC on th; 
r i d g e  becomes equal  t o  t h e  e igenva lue  UU(R). A t  t h i s  " c l a s s i c a l  t u r n i n g  p o i n t  
t h e  a n g l e  f u n c t i o n  $, has no more " k i n e t i c  energy"  o f  m o t i o n  i n  u on t h e  r i d g e .  
Fo r  l a r g e r  R  va lues,  i t s  a m p l i t u d e  on t h e  r i d g e  i s  e x p o n e n t i a l l y  damped and t h e  
p r o b a b i l i t y  a m p l i t u d e  i n  t h e  channel must  r e t r e a t  t o  t h e  v a l l e y s  o f  t h e  po ten-  
t i a l  i n  F i g .  10, i m p l y i n g  t h a t  f o r  such l a r g e  R  va lues  p  d e s c r i b e s  s t a t e s  w i t h  one 
e l e c t r o n  more h i g h l y  e x c i t e d  than  t h e  o t h e r .  A l t e r n a t i v e l y ,  t h e  two e l e c t r o n  
s t a t e  on t h e  r i d g e  may "hop" t o  t h e  n e x t  h i g h e r  channel 1 ~ ' .  W i t h  a  h i g h e r  v a l u e  
o f  -U,,,(R), t h e  two e l e c t r o n  e x c i t a t i o n  c o u l d  move t o  somewhat l a r g e r  R  a l o n g  t h e  
r i d g e  s i n c e  t h e  d i f f e r e n c e  between -U,,, and t h e  t o p  o f  t h e  p o t e n t i a l  r i d g e  o f  -RC 
would r e s t o r e  some p o s i t i v e  " k i n e t i c  energy"  o f  m o t i o n  i n  a .  A c t u a l l y  t h e  v i c i n -  
i t y  o f  t h e  c l a s s i c a l  t u r n i n g  p o i n t  i s  p r o p i t i o u s  f o r  such a  t r a n s i t i o n  t o  a  h i g h e r  
channel u '  s i n c e  t h e  c o u p l i n g  m a t r i x  e lements ( c f .  Eq.  (11 )  ) a r e  l a r g e s t  p r e -  
c i s e l y  where t h e  channel  f u n c t i o n s  a r e  changing most  r a p i d l y  w i t h  R. 
L i n 3 6  has shown g r a p h i c a l l y  how t h e  channel f u n c t i o n s  $I" behave as f u n c t i o n s  of R. 
F i g .  11. P l o t  o f  / @  (R;ct,B12) 1 2  12. P l o t  o f  / $ u ( R ; a , ~ 1 2 ) 1  2  L' 
vs. a and e12 f o r  v a r i o u s  R  va lues  vs.  n and €i12 f o r  v a r i o u s  R  va lues  
f o r  t h e  f i r s t  H- ' S  h y p e r s p h e r i c a l  f o r  t h e  second H- ' S  h y p e r s p h e r i c a l  
channel p = 1. ( f r o m  Ref .  36) channel u  = 2. ( f r o m  Ref .  36) 
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1  I n  F i g s .  11 and 12 we show t h e  H - (  S) channel f u n c t i o n s  @,,(R;a.Bl7) f o r  1, = 1  and 
. - 
p = 2 ( i . e . ,  t h e  lowes t  two I S  hyperspher i ca l  channe ls ) .  I n  F i g .  11 one sees t h a t  
a t  R  = 1  t h e  charge d i s t r i b u t i o n  i n  t h e  f i r s t  channel i s  peaked about  tr = n / 4 ,  
l y i n g  on t h e  p o t e n t i a l  r i d g e .  A t  R  = 4, however, t h e  charge d i s t r i b u t i o n  i s  va- 
c a t i n g  t h e  r i d g e  and moving t o  t h e  v a l l e y s  near  rw = 0 and n. = n/2. By R  = 8, 1 ~ = 1  
descr ibes  a  channel w i t h  one e l e c t r o n  much more h i g h l y  e x c i t e d  than  t h e  o t h e r .  
F ig .  12 shows t h e  n e x t  h i g h e r  hyperspher i ca l  channel f u n c t i o n .  Note t h a t  a t  R = 4 ,  
p r e c i s e l y  where u = 1  has a  depression a long  t h e  r i d g e ,  t h e  p = 2 c h a n n e l ' s  charge 
d i s t r i b u t i o n  has a  maximum. T h i s  peak i n  u = 2  a long  t h e  r i d g e  progresses outward 
t o  l a r g e r  R  values u n t i l  a t  R  = 12 a  depression appears a long  t h e  r i d g e .  I f  two- 
e l e c t r o n  s t a t e s  i n  u = 2 a r e  t o  move t o  l a r g e r  R  and remain comparably e x c i t e d  
they  must hop aga in  t o  t h e  n e x t  h i g h e r  hyperspher i ca l  channel ,  and so on. 
T h i s  new p e r s p e c t i v e  of two e l e c t r o n  e x c i t a t i o n  s t a t e s  e v o l v i n g  toward l a r g e  
r a d i i  R  a long a  p o t e n t i a l  r i d g e  has i t s  o r i g i n s  i n  t h e  ~ a n n i e r - P e t e r k o p - R ~ U ~ ~  
a n a l y s i s  o f  e l e c t r o n  impact  i o n i z a t i o n  near t h r e s h o l d .  I t s  a p p l i c a t i o n  t o  
q u a n t i t a t i v e  p r e d i c t i o n s  o f  e x c i t a t i o n  c ross  s e c t i o n s  remains a  t a s k  f o r  
f u t u r e  research.  
D. Recent Extensions t o  Atoms Having More than  Two E l e c t r o n s  
The new p e r s p e c t i v e s  on e l e c t r o n  c o r r e l a t i o n s  p r o v i d e d  by t h e  h y p e r s p h e r i c a l  
c o o r d i n a t e  approach a r e  n o t  l i m i t e d  t o  He and H-. Indeed severa l  a p p l i c a t i o n s  
have a l r e a d y  been made t o  h e a v i e r  atoms. Whi le d e t a i l e d  d i s c u s s i o n  o f  these  
works i s  n o t  p o s s i b l e  i n  t h i s  s h o r t  paper, we wish t o  a l e r t  t h e  reader  t o  t h i s  
r e c e n t  progress.  F i r s t l y ,  C la rk  and Greene40 have made a  f i r s t  a t tempt  a t  a  
h y p e r s p h e r i c a l  d e s c r i p t i o n  o f  t h e  t h r e e  e l e c t r o n  systems L i  and H--. Greene,"I 
on t h e  o t h e r  hand, has t r e a t e d  Be and t h e  a l k a l i n e  e a r t h  atoms as two e l e c t r o n  
systems, o u t s i d e  c losed  s h e l l s ,  i n  h y p e r s p h e r i c a l  coord ina tes .  The i n f l u e n c e  
o f  t h e  i n n e r  c losed  s h e l l s  on t h e  o u t e r  e l e c t r o n  p a i r  i s  approximated by an 
atomic p o t e n t i a l .  Watanabe42 has gone s t i l l  f u r t h e r  i n  t r e a t i n g  two e l e c t r o n s  
i n  h y p e r s p h e r i c a l  coord ina tes  o u t s i d e  an open-she l l  i o n i c  co re .  The i n f l u e n c e  
o f  t h e  i o n i c  co re  on t h e  o u t e r  e l e c t r o n s  i s  descr ibed  b y  a p p r o p r i a t e  boundary 
c o n d i t i o n s  on t h e  h y p e r s p h e r i c a l  wave func t ion  a t  t h e  s u r f a c e  o f  t h e  i o n i c  co re .  
Both K-  and He- have been t r e a t e d  i n  t h i s  way. L a s t l y ,    in^^ has p resen ted  a  
method f o r  g e n e r a t i n g  b a s i s  s e t s  o f  a n a l y t i c a l l y  determined, approximate hyper -  
s p h e r i c a l  wavefunct ions.  Such b a s i s  s e t s  m igh t  be used t o  d e s c r i b e  doub ly  
e x c i t e d  s t a t e s  o f  complex atoms i n  p e r t u r b a t i o n  o r  s c a t t e r i n g  c a l c u l a t i o n s .  
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